
the o r d e r  of l ~) f r o m  the axis  of s y m m e t r y  (y = 0) b reak ing  of a whole f iber  occurs .  

The  r e s u l t s  of  the above ca lcula t ions  a r e  in qual i ta t ive a g r e e m e n t  with the conclusions obtained f r o m  
expe r imen t s .  

The  author  thanks A. M. Mikhailov for  useful  d i scuss ions .  
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F R E E  T O R S I O N A L  O S C I L L A T I O N S  

S T A N D A R D  L I N E A R  B O D Y  

OF A 

P .  M.  G o r b u n o v  UDC539.3 

One of the p rob l em s  of the t o r s iona l  osc i l la t ions  of a m e t a l  re lax ing  rod  is cons idered  in [1]. The b e -  
hav ior  of the s y s t e m  in a t ime  t is c h a r a c t e r i z e d  by a function ~ ( z ,  t ) ,  which defines the angle of ro ta t ion  
a round  the axis  of the rod of an infinitely thin hor izonta l  l aye r  of  m a t e r i a l .  The init ial  equation for the r e l a x -  
at ion t ime  T -* oo r educes  to a wave - type  equation which d e s c r i b e s  the mot ion of an ideal ized e las t ic  m a t e r i a l  
[2, 3]. 

However ,  the solution obtained in [1] as  �9 - -  ~ is independent of the t ime ,  and hence does not ag ree  with 
the solut ion of the s i m i l a r  p rob lem for absolu te ly  e las t i c  m a t e r i a l s  [4]. This  is due to the fact  that  when 
fo rmula t ing  the ini t ial  and boundary  conditions in [1], z e ro  initial  va lues  of the veloci ty  and acce l e r a t i on  of 
the mot ion of the s y s t e m  were  a s s u m e d  for t = 0 over  the whole spec imen ,  whe rea s  f rom the phys ica l  point 
of v iew mot ion  of the s y s t e m  is only poss ib le  if  i ts  a cce l e r a t i on  is d i f ferent  f rom zero .  

We will  cons ider  the f r ee  t o r s iona l  osc i l la t ions  of a cyl indr ica l  uni form iso t ropic  v i scoe la s t i c  rod of 
rad ius  R and length h >> 2R, and a connected r ig id  disk. We will  a s s u m e  that  the ampli tude of the to r s iona l  
osc i l la t ions  of the d i s t r ibu ted  m a s s  is sma l l ,  the t r a n s v e r s e  c r o s s  sec t ions  S (z) of the rod  a r e  not d is tor ted ,  
and a r e  not  d i sp laced  along the z axis  (S(z)  = cons t ) ,  and the to r s ion  is not accompanied  by a change in the 
volume of the de fo rmed  m a s s  [1]. The  z axis  of a cy l indr ica l  s y s t e m  of coordina tes  (r ,  ~, z) coincides with 
the axis  of the rod. To  de t e rmine  the ini t ial  s ta te  of the s y s t e m  we will  a s s u m e  that before  s ta r t ing  the pendu-  
lum the rod is twis ted about  the z axis  by  the continuous t o r s iona l  m o m e n t  of a pa i r  of fo rces  P concentra ted  
on the boundary  S (z = h) .  Suppose that  during a fa i r ly  l a rge  instant  of t ime  t~ the rod  r eaches  i ts  initial  
s t a t i ca l ly  loaded s ta te .  Then,  for t _ t o the t o r s iona l  m o m e n t  of  the fo rces  (PRo) will  be  constant  over  the 
whole a r e a  of ex i s tence  of the de fo rmed  m a s s  0 _< z _ h, and is defined in the fo rm 

PRo = ~ mo~ (z)/Oz~ (I) 

where  ~ ( z )  is  the angle of  ro ta t ion  of the c r o s s  sec t ions  S(z)  (around the z axis) for a s ta t ica l ly  twisted 
s ta te  of the rod. If  when t I _> t o the fo rces  P a r e  s imul taneous ly  and instantaneously r emoved ,  the connected 
d i sk  begins  to change into a s ta te  of ro ta t iona l  mot ion  around the z axis .  We will  a s s u m e  that  the re laxa t ion  

m 
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t i m e  v = ~/(G0 - #) ,  where  ~ is  the coeff ic ient  of  v i scos i ty ,  G o is the instantaneous shear  modulus ,  and /~ 
l o n g - t e r m  shear  modulus ,  where  G O > g, and m a y  approach  infinity both as  ~ - * ~  (G o ~ g), and as  G o -~ 
( ~ << ~o). The  equi l ib r ium of the m o m e n t s  of  the fo rces  on the boundary  S (h) of the rod as Go --" # and t _ t 1 
is g iven by  the r e l a t i on  

~uR'%(h, t) = --2i(Ptt(h, t). (2) 

If when t < t o the coeff ic ient  ~ is  sma l l ,  and when t > t o it  is l a rge  ( ~ -* ~ ,  which can  be  achieved by  
cooling the twis ted spec imen) ,  the equi l ib r ium m o m e n t s  of the fo r ce s  on the boundary  S (z = h) can be  e x -  
p r e s s e d  by  the r e l a t i on  (t >__ t l) 

~R4[Gocpz(h, t) - - ( G o -  ~)y] = --2I(Ptt(h, t), (3) 
~l = 2PRo/l x:~RL 

The  d i f fe ren t ia l  r e l a t ion  be tween the loca l  r e l a t i ve  de fo rma t ion  e and the s t r e s s  a of a p l ane -pa ra l l e l  shear  
under  i s o t h e r m a l  conditions of mot ion of the s y s t e m  has  the f o r m  [2, 3] 

. . . .  ~ § "~ = ,tt~ § Vo'~. (4) 

F r o m  re l a t i on  (4) we obtain the ini t ia l  equat ion of mot ion  of the rod  [2, 8] 

TPq~ttt -~- PePtt = tt%z -~ Go'~%zz, (5) 

where  p is the densi ty  of the m a t e r i a l  Equation (41) in [1] is identical  with (5) when GOT = r 7. Taking  
t 4 = 0 a s  the instant  when the pendulum is r e l e a s e d ,  the two init ial  conditions of mot ion  of the s y s t e m  can be 
wr i t t en  in the f o r m  

(p(z,O) ='~z ,g , t (z ,O)  = 0  for 0 ~ z < ~ h .  (6) 

Since in a moving s y s t e m  the ene rgy  d i ss ipa t ion  p r o c e s s e s  a r e  delayed with r e s p e c t  to the instant  when 
the to r s iona l  m o m e n t  begins  to v a r y ,  a t  the ins tant  t 1 = 0 the rod  behaves  as  an ideal ized e las t ic  s y s t e m  [4, 
5]. In th is  connection,  the ini t ial  conditions of p rob l ems  (5) m u s t  ag ree  with the boundary  conditions of the 
analogous p rob l em for ideal ized e las t i c  m a t e r i a l s ,  i .e . ,  with conditions (2) and (3). In our case ,  i t  is  suf f ic -  
ient  to r e q u i r e  tha t  the boundary  conditions of p r o b l e m  (5) should a g r e e  wi th  condition (3), s ince (2) is  a s p e -  
c ia l  case  of ( 3 ) .  

On the b a s i s  of these  assumpt ions ,  us ing the  law of conserva t ion  of ene rgy  we will  de r ive  the th i rd  of the 
ini t ial  conditions.  We wil l  de t e rmine  the r e s e r v e  of potential  ene rgy  Ey 0 (z) of e las t ic  deformat ion  of an in-  
f ini te ly thin hor izonta l  l aye r  of m a t e r i a l  with coordinate  z and a r e a  S = ~R 2 ( i .e . ,  the running ene rgy  densi ty  
of the r o d ) .  Using the above a s sumpt ions  and approx imat ions ,  the value of Ey 0 (z) can  be  wr i t t en  in the f o r m  

R 2 ~  

i ' '  
[t o 

E:~o (z) == 9 I e;rdrd~,  
0 0 

where  e0 = 0u(z,  r ) / 0z  = r0~q(z) /0z  is  the r e l a t i ve  shea r  of an  infinitely sma l l  e l emen t  of volume in an in -  
f ini tely thin l a y e r  of  m a t e r i a l  with coord ina te  z,  and u(z ,  r )  = r ~ ( z )  is a function which gives the value of 
the p l a n e - p a r a l l e l  d i sp l acemen t  of th is  e l em en t  in the d i r ec t ion  of act ion of the m o m e n t  of the fo r ce s  r e  (z,  r) 
( r d r d ~  = ds ) .  

The  to ta l  ene rgy  E t and the shea r  s t r e s s  a (z ,  r )  of the rod,  taking (1) into account ,  a r e  given by  

h 

E t = .[ E~-o (z) dz - P~ 
O 

z(z, r) = p% = rg? = 2PRor/nR ~. 

T h e s e  r e s u l t s  indicate that  in a s t a t i ca l ly  twis ted rod  the potent ia l  ene rgy  is only conse rved  in the Hook s e c -  
t ion of the model  employed.  At the s ame  t ime  the energy  and the s t r e s s  in the Maxwell  sec t ion  a r e  zero .  

We wil l  a s s u m e  that  a t  the instant  t 1 the rod  behaves  as  an e las t i c  sys t em.  In th is  case  the re la t ive  de -  
f o r m a t i o n  and the e n e r g y  of the Hook sec t ion  d e c r e a s e  f r o m  % and / ~ / 2  to e = e(z, r ,  t )  and /ze2/2, while 
the e las t i c  e l emen t  of  the Maxwell  sec t ion  i n c r e a s e s  in absolute  value f r o m  ze ro  to (e - e0) and (G o - ~) ( a -  
% ) 2 / 2 ,  r e spec t ive ly .  Neve r the l e s s  a cons iderab le  p a r t  of the potential  ene rgy  Ep is conver ted  into kinetic 
ene rgy  when the ro ta t ion  around the z axis  of the d is t r ibuted  m a s s  and the connected disk acce l e r a t e s .  

Tak ing  a l l  these  e f fec ts  into account,  on the ba s i s  of the law of conse rva t ion  of energy  of the s y s t e m  we 
have  
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h R 2 g  ) 

0 0 0 

It can  be shown that  the par t ia l  der iva t ive  with r e s p e c t  to t ime of (7) (with ~t (0, t)  = 0) reduces  to the form 
h 

[--  (Go - -  ~) 7 ~- Go~-- (h, t) + 21q~  (h, t ) /~R~1% (h, t) = .I' [Go~ (z, t) - -  9~tt (z, t)] ~ (z, t) dz.  (8) 
0 

Fur the r ,  different ia t ing (8) with r e spec t  to z, we have 

p~tt(z, t) = Co%.(z, t). (9) 

Substituting (9) into (8), we a r r i v e  at  (3). Changing to the l imi t  t -* + 0 in (9) and (8) (taking into account c e r -  
ta in  p rope r t i e s  of (8) and (9)), we obtain the th i rd  initial  condition of problem (5) in the fo rm 

p~Ptt(z, O) = Go~p~.(z. 0) for 0 ~-~ z < h; (10) 
~R'[G0%(h, 0) -- (Go -- ~)vl = - -2 I%t (h ,  0) for z = h. (11) 

Relat ion (10) is the equation of the dis t r ibuted mass  inside the spec imen for t = 0 [5], while (11) a re  
the equi l ibr ium moments  of the fo rces  on the boundary S(z = h) and close to it. 

The  boundary conditions of the mot ion of a viscoelas t ic  sys tem can be  wr i t ten  in the form (t > 0) [1] 

y;Rt[gTz(h,  t) + Go'~(ptz(Z, t)] = --2[['~r (h, t) -~ r t)], (12) 
q~(0, t) = 0, %(0, t) = o. 

The  so lu t ion  of the p rob lem (5), (6) and (10}-(12) wil l  be found by the method  of s epa ra t i on  of  va r i ab les  [2--4] 

(p (z, t) = ~. ~,: (z) T~ (t), 
h = l  

where  Ok(Z) a r e  functions which define the fo rm of the osci l lat ions of the specimen,  while Tk( t )  a re  func- 
t ions which give the na ture  of the var ia t ion  of the ampli tudes of the osci l lat ions with t ime.  Using (5) we will  
wr i te  the c ha r a c t e r i s t i c  equation for  T k ( t )  [3] 

~ + ~,~/~ + ~ (,~ + ~o~,~)/T.oh~ = O, 

where  flk a r e  the posi t ive solutions of the equation 

ctg ~ = 2[~/pgR~h.  

The  roo t s  of  Eq. (13} will  be r ep r e sen t ed  in the fo rm [1, 5] 

i + ak,.~(2,3) i % 

(13) 

(14) 

iwk. (15) 

The quauti t ies ~ k  and w k a r e  found by thewel l -knowu method desc r ibed  in [1, 5]. If a l l  th ree  roots  of (15) 
take negative r e a l  va lues ,  they indicate t ha t  the motion of the sys tem is aper iodical ly  l imited [3, 5]. 

The solution of Eq. (5), taking (6)-{15) into account, can be written in the form 

2 ) - - '  

t Che =Id + ( M  h c o s  wht + Nt~ s i n  w~t) e ~ . q) (z, t) = ~=1 ~h~(z) exp ~-- ~ a=~ _ p/, ' 

w h e r e  

(16) 

4vh sin ~I~ .sin ~f~ + 

2 o e -- 

Mk = 2a~ + p[~lph ~ -- a J 3 T  - -  1/9~2; 

I [ ~ % P~ k~ (2Go,__ 3~) ; 

2 o 
Pl, = Go[~jPh" - -  i/3C'. 

T o  de te rmine  the conditions under which the resu l t s  a re  applicable it  is n e c e s s a r y  to investigate the be -  
havior  of the solution (16) in d i f ferent  expe r imen ta l  situations. A method of ca r ry ing  out this analys is  is given 
in [5]. 
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If we put I = 0 in the solution (16) and take the l imit  G O -+/z, it takes  the form of a function which 
ag re e s  with the solution of the analogous problem for an idealized e las t ic  ma te r i a l  [4]. Since in our case  
I ~ 0, the behavior  of the solution (16) both as Go ~ . / J  and when I ~ 0 is of in te res t  

and a lso  as , / ~  ~ and when I ~ 0 

(z, t) = (G~ -- ") ~" ~ ~ ~ e ,  (z) cos ~k o t. 
G O 0 k = l  

In the f i r s t  case ,  the e las t i c  behavior  of the rod is  cha rac t e r i zed  by a single sh ea r  modulus /~, and in the 
second case  i t  is cha rac t e r i zed  by two values  of ~ and G0' The p resence  of two l imits  of the solution (16) is 
due to the fact  that the re laxat ion  t ime of a s tandard l inear  body can take ex t r em e ly  large values as Go -+ 
and ~? -,- ~o. 

We will put h = 10 cm, p = 1.6 g/cm 8, 77 = 6 �9 10 ? P, ~ = 3.10 ~ dynes/cm 2, Go = 9.10 ~ dynes/cm 2, and 
f i t  ~ ~] p z h R 4 / 2 I  ~- 10-2- We will  subst i tute these  values  into the functions ~( z,  t)  obtained by the dif ferent  
methods.  As a r e s u l t  of this for  the f i r s t  t e r m  of the sum of the s e r i e s  (16) (with index k = 1), r epresen t ing  
the pr incipal  pa r t  of ~ (z ,  t ) ,  with t = ~/wl ,  3 4  + Pl = d l  in ~ l ( z ) ,  T l ( t )  = ~1(z,  t)  we have C t /d l  ~-2/3,  
M1/dl ~- 1 /3 ,  T l ( t )  -~ 0.284. At the same t ime the analogous quanti t ies,  but  defined f rom Eq. (60) in [1] (with 
our  method of numbering the roots  of the equation of the fo rm (14)), take the following values:  C(0~)/dt 
1.002, M0(1)/dl ~ 10 -8, T(01) ( t )  ~ 0.864, respect ive ly .  If we substi tute into ~?(z, t)  p = 2.7 g / c m  3, ~ = 2.2" 10 i6 
P, Go ~- 2.55-1051 d y n e s / c m  2,/1 = 2.33.  l0  ll d y n es / cm  z, and/~l - 1.29" 10 -4, then for  q l ( z ,  t) we will  have 
C1/dl  -~ 0.086, M1/dl ~ 0.914, T1 ( t )  --- -0 .828 ,  and also C 0(1)/d 1 =~ 1, M0(1)~/dl ~ 1.96" 10-14, T~l)(t) -~ 1. I t c a n  
be seen that the quanti t ies calculated above in Eq. (16) differ  considerably  f rom those of solution (60) in [1]. 
Note that the coeff ic ient  M j d l ,  r ep resen t ing  the pr incipal  pa r t  of the amplitude of the osci l lat ions of the 
pendulum in ~(z ,  t ) ,  as  v inc reases  in (16) approaches  1 as Go ~ /~, while in (60) of [1] it  d e c r e a s e s  to a 
prac t ica l ly  inappreciable  value ( i .e . ,  M(01)/dl <__ 10-14). These  facts suggest  that the solution of the type (60) 
in [1] does not d e s c r ~ e  the motion of a to rs iona l  pendulum ei ther  as  v -~ oo, or for r ea l  finite values of v _ 
1O ~ sec.  The solution (16) does not contradic t  physical  ideas of the nature of the osci l lat ions of a pendulum 
for  any values  of ~ >_ 0. 

The author tbsuks G. Ya. Korenman,  I. A. Luk'yanov,  E. G. Poznyak, and R. Kh. Sabirov for the i r  i n t e r -  
e s t  and for d iscuss ing  the resu l t s .  
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